Abstract. We describe a way to deform spectral triples with a 2-torus action and a real deformation parameter, motivated by deformation of manifolds after Connes-Landi. Such deformations are shown to have naturally isomorphic Ktheoretic invariants independent of the deformation parameter.
Introduction
Let M be a compact smooth Riemannian manifold endowed with a smooth action of 2-torus T 2 = (R/Z) 2 . Connes and Landi [CL] defined an isospectral deformation M θ of M for a deformation parameter θ ∈ R/Z. The "smooth function algebra" C ∞ (M θ ) of M θ is, as a linear space given by the smooth function algebra C ∞ (M ) of M , but endowed with a deformed product
when f is an T 2 -eigenvector of weight (m, n) ∈ Z 2 in C ∞ (M ) and g is a one of weight (m ′ , n ′ ). In the case where M = T 2 and the action is the translation, one obtains the noncommutative torus T 2 θ whose function algebra is generated by the two unitaries u and v subject to the relation uv = e 2πiθ vu. They also showed that Dirac type elliptic operator over M determined by the metric structure on M such as the signature operator or the spin Dirac operator continue to make sense over M θ as unbounded self adjoint operators of compact resolvent over Hilbert spaces on which C ∞ (M θ ) acts. Li [Li] showed that the spectral triple defined this way qualifies as a "compact quantum metric space" of Rieffel [Rie4] .
This construction can be easily generalized to a spectral triple (A, H, D) over a noncommutative algebra endowed with a smooth action of T 2 when the "Dirac operotor" D is equivariant with respect to this action. In such a case obtain a new spectral triple (A θ , H, D) over the deformed algebra exactly as in the smooth Riemannian manifold case. The C * -algebraic closure of A θ is a particular case of the deformation considered in [Rie3] , where such a deformation is shown to have the same K-group as the original algebra.
One question which arises after such deformation is to compute the pairing of the Chern-Connes character of thus obtained spectral triple with the K-group of the deformed algebra. In the case of noncommutative torus T 2 θ , Pimsner and Voiculescu showed that it has the same K-theory as the ordinary 2-torus in [PV] , then Connes [Con1] [Con2] made the computations of the periodic cyclic cohomology group and the pairing with the K 0 -group in terms of the connections of projective modules as classified by Rieffel [Rie1] .
In this paper we show that 1) Connes-Landi deformation gives isomorphic HPgroup as the original algebra, compatible with the K-theory isomorphism (Corollary 13), 2) deformation of a spectral triple give the pairing of the same image (Theorem 3), somewhat generalizing the above computations for T 2 θ to the general M θ . In the course of the proof of the latter invariance of Chern-Connes characters we describe the image of the invariant cyclic cocycles under the former isomorphism. In doing so we obtain a simple description of the phenomenon like τ (θ) , K 0 C(T 2 θ ) = Z + θZ for the gauge invariant tracial state τ (θ) on C(T 2 θ ) which is sensitive to the change of deformation parameter as opposed to Chern-Connes character of equivariant spectral triples.
Preliminaries
In this section we give a basic definition of Connes-Landi deformation of spectral triples with a 2-torus action and related constructions. Throughout this paper we consider regular spectral triple ( [GBVF] , [Ren] ) with an additional assumption on the smoothness of the torus action.
Let (A, H, D) be an even spectral triple (in other words, a K-cycle over A); thus, H = H 0 ⊕ H 1 is a graded Hilbert space, A is a * -subalgebra of the algebra of the bounded even operators B(H 0 ) ⊕ B(H 1 ) on H and D is an odd unbounded self adjoint on H which has bounded commutator with the elements A: [D, a] is bounded and a(1 + D 2 ) −1/2 is compact for any a ∈ A. 
Let δ denote the densely defined closed derivation T → [|D| , T ] on B(H). Recall that (A,
H
.}, is stable under holomorphic functional calculus inside A ([Ren], Proposition 16). Let σ be an action of T
2 on A by * -automorphisms. In the following we assume that it is strongly continuous with respect to the Fréchet topology on A, i.e. for any a ∈ A the map t → σ t (a) is continuous with respect to the seminorms on A mentioned above. Now, suppose that σ t is spatially implemented on H by a strongly continuous even unitary representation
for t ∈ T 2 and a ∈ A. This condition implies that σ is isometric with respect to the seminorms on A mentioned above:
Since the derivations [h i , −] are closable and have dense domains on A, σ extends to a strongly continuous action of T 2 on A by Theorems 1.4.9 and 1.5.4 of [Bra] . Let A ∞ be the subalgebra of A δ consisting of the elements a such that the map t → σ t (a) admit arbitrary order of derivatives in A δ . The algebra A ∞ is stable under holomorphic functional calculus inside A. On the other hand, by the strong continuity of σ and (2), the element
is contained in A δ for any smooth function f on T 2 and any a ∈ A δ . Thus A ∞ is a dense subalgebra of A which contains A and is closed under the holomorphic functional calculus. Moreover it can be characterized as the joint domain of the following densely defined seminorms on A;
for k ∈ N and α = (α 1 , α 2 ) ∈ N 2 .
Remark 1. When we define the algebra A ∞ , the higher derivatives of the functions t → σ t (a) for a ∈ A ∞ are only required to have their derivatives of arbitrary order in A δ with respect to the operator norm topology. Then for any aA ∞ there exist derivatives of σ t (a) with respect to the seminorms δ
Indeed, for i = 1, 2, we know that ∂ 1 σ t (a) exists with respect to the operator norm, equals [h i , σ t (a)], and it is an element of A δ . For any k the operator
s σ
(1)
. This shows that the map σ t (a) is differentiable by ∂ 2 with respet to the seminorm δ k (a) and that the partial derivative is [h 2 , σ t (a)]. With an analogous argument one has ∂ 1 σ t (a) = [h 1 , σ t (a)] with respect to this seminorm. Next, by induction on the order |α| of differentiation, one obtains that the higher order derivatives of σ t (a) exists with respect to the seminorm δ k (a) and agrees with the ones with respect to the operator norm case. The case for the seminorms
By the stability under the holomorphic functional calculus, the change of algebras from A δ to A ∞ does not affect the K 0 -group (which is isomorphic to K 0 (A)) and they have the same K-cycle given by H and D. In the rest of the paper we assume that A = A ∞ . The Hilbert spaces H i for i = 0, 1 decomposes into a direct sum of eigenspaces
where µ is the normalized Haar measure on T 2 . Then T (m,n) satisfies Ad Ut (T (m,n) ) = e 2πi(mt1+nt2) T (m,n) and T can be expressed as a sum (m,n) T (m,n) which converges in the strong operator topology.
Let B(H) fin denote the subspace of B(H) consisting of the operators T where T (m,n) = 0 except for finitely many (m, n). Put A fin = A ∩ B(H) fin . Definition 1. Let θ be an arbitrary real number. Given a bounded operator T on H which is an eigenvector of weight (m, n) ∈ Z 2 for the action Ad Ut of T 2 , we define a new bounded operator T (θ) on H by
. We extend this to the operators in B(H) fin by putting
Note that we have (T (θ) ) * = (T * ) (θ) . When T is homogeneous of weight (m, n) and S is a one of weight (m ′ , n ′ ), we have
Remark 2. We adopted a presentation of T (θ) which is slightly different from the one given in [CL] . Let V be the unitary operator on H characterized by V ξ = e πiθm ′ n ′ ξ for ξ ∈ H (m ′ ,n ′ ) , and φ be the linear transformation of B(H) fin characterized by φ(T ) = e −πiθmn T when T ∈ B(H) (m,n) . Then we have
which agrees with the deformation given by Connes and Landi.
Lemma 1. Let T be a bounded operator on H which admits derivatives of the map t → Ad Ut (T ) up to the fourth degree in B(H) in the weak operator topology. Then the sum (m,n)∈Z 2 T
(m,n) is absolutely convergent to a bounded operator T (θ) in the operator norm topology.
Proof. For i = 1, 2, let ∂ i denote the partial differentiation in the direction of t i of functions F (t 1 , t 2 ) defined on T 2 . Let (m, n) be any element of Z 2 . We claim that the bounded operator S = ∂ 1 Ad Ut (T )| t=(0,0) satisfies S m,n = mT m,n . Indeed, when ξ ∈ H m ′ ,n ′ and η ∈ H m ′′ ,n ′′ , we have
The left hand side converges to Sξ, η as s → 0, while the right hand side converges to 2πi(m ′′ − m ′ ) T ξ, η . Hence we have that
where
This agrees with the value of 2πim T m,n ξ, η . Hence the bounded operators S m,n and 2πimT m,n agree on the linear spans of the H m ′ ,n ′ for (m ′ , n ′ ) in H. Since this subspace is dense, we have established the claim.
Iterating the above argument, we obtain
for any (m, n) ∈ Z 2 . Since the correspondence T → T (m,n) is a contraction, we have
for (m, n) ∈ Z 2 \ {(0, 0)} Now, the assertion of Lemma follows from the fact that
Lemma 2. The subspace A θ ⊂ B(H) of the operators a (θ) for a ∈ A is closed under multiplication.
Proof. Let a and b be arbitrary elements of A. We than have
.
In order to show that the series in the the right hand side defines an element of A = A ∞ , it is enough to show that it is uniformly convergent with respect to any of the seminorms ν k,α for k ∈ N and α ∈ N 2 .
By induction on k and |α|, we know that there exist numbers C k,α l,β indexed by k, l ∈ N and α, β ∈ N 2 satisfying
for any elements a ′ , b ′ ∈ A. Let us fix k ∈ N and α ∈ N 2 now. Then, for any l ≤ k and β ≤ α, the functions
2 of order 4. Hence we have the absolute convergence of
by Lemma 1. Hence the infinite series
is also absolutely convergent, which implies the convergence of
Combining this for all the indices l ≤ k and β ≤ α, one obtains the convergence of the right hand side of (5) with respect to the seminorm
With a similar argument we also have the convergence of that series with respect to the seminorm
, hence also with respect to ν k,α . This proves the assertion of Lemma. Remark 3. Let σ be an action of R d on a C * -algebra A and J a skew symmetric matrix of size d. Rieffel [Rie2] defined a deformed product
on the σ-smooth part A ∞ of A by means of oscillatory integral. In our setting, the action σ of the 2-torus induces an action of R 2 . For the 2 × 2 skew symmetric matrix J, consider the following matrix (cf. loc. cit. Example 10.2)
Then the deformed C * -algebra (A ∞ , × J ), which is obtained as the C * -algebraic closure of (A ∞ , × J ), is isomorphic to A θ . Hence the presentation of the latter on H as in Definition 2 gives a representation of (A ∞ , × J ) on the graded Hilbert space H as even operators.
Note that the equation (6) defines a product on A under our assumption. The correspondence a → a (θ) gives a representation of (A, × J ) on H. In the remaining of the section we show that A θ satisfies the conditions assumed for A.
Lemma 3. For any a ∈ A and any θ ∈ R, the operators δ
Lemma 4. For any a ∈ A and θ ∈ R, the operator a
to the former, are compact for any pair (m, n) ∈ Z 2 . Applying Lemma 1 to the operator a(1 + D 2 ) −1/2 , we know that
is also compact.
is an even regular spectral triple. The action Ad Ut on A θ by T 2 is smooth and A θ is complete with respect to the seminorms ν k,α for k ∈ N and α ∈ N.
Proof. The fact that (A θ , H, D) is a regular spectral and the smoothness of Ad Ut on A θ follows from Lemmas 3 and 4.
Let (a
k ) k∈N be a Cauchy sequence with respect to the seminorms ν k,α in A θ , convergent to a bounded operator S on H. Then the map t → Ad Ut (S) is smooth on T 2 . Hence we have a bounded operator S (−θ) on H. It remains to show that S (−θ) ∈ A δ , since one would have S = (S (−θ) ) (θ) ∈ A θ then. Let m ∈ N and α ∈ N 2 . As in the proof of Lemma 1, there is a universal constant C such that
for any k, k ′ . Thus we obtain
There is also a similar estimate for
Hence the sequence (a k ) k in A is a Cauchy sequence for the seminorms ν k,α , which is convergent to S (−θ) . This shows
Remark 4. The newly obtained spectral triple (
Consider the action of T 2 on A given by the translation. Then the spectral triple (A, H, / D) is regular and satisfies A = A ∞ . Given a real parameter θ, the corresponding regular Connes-Landi deformation A θ is precisely the algebra of Laurent series (m,n)∈Z 2 a (m,n) u m v n of rapid decay coefficients over the two unitaries u and v satisfying uv = e 2πiθ vu.
K-theory of Connes-Landi deformation
We keep the notations A, A, σ, A θ and A θ of the previous section. We extend σ to A. As remarked in the previous section, as an abstract C * -algebra A θ is the deformation algebra studied by Rieffel in [Rie2] , [Rie3] and shown to have isomorphic K-group as A. In this section we elaborate a similar crossed product construction in order to show that A θ and A have isomorphic periodic cyclic cohomology groups which is compatible with the isomorphism between the K-groups.
Note that there is an action γ of T 2 on C(T 2 θ ) called the gauge action, given by
We obtain the diagonal product action σ ⊗ γ of T 2 on the (minimal) tensor product
Proposition 6. The algebra A θ is isomorphic to the subalgebra of A ⊗ min C(T 2 θ ) consisting of the fixed elements under the diagonal action σ ⊗ γ of T 2 .
σ⊗γ . Let a be an element of A. By the estimate given by Lemma 1, one has the absolute convergence of m,n a m,n u
Hence f extends to the subalgebra A θ of A θ . Since A θ is stable under holomorphic functional calculus, the spectral radius of a (θ) in A is the same as that in A θ . It means that f is a contraction and extends to a * -homomorphism of
σ⊗γ . We first prove that f is injective by contradiction. Suppose that there was a nonzero positive element x in the ideal ker f of A θ . On one hand we have f (x 0,0 ) = x 0,0 ⊗ 1 = 0. On the other hand, since f is equivariant for the action Ad Ut on A θ and σ ⊗ 1 on (A ⊗ min C(T 2 θ )) σ⊗γ . Hence the ideal ker f is invariant under Ad Ut and x (0,0) ∈ ker f . This is a contradiction, hence f is injective.
Next we prove the surjectivity of f . By construction its image contains the linear span E of the elements of the form a ⊗ u −m v −n for where (m, n) ∈ Z 2 and a ∈ A is a T 2 -eigenvector of weight (m, n). Since any homomorphism between C * -algebras has a closed image, it is enough to show that the closure of E agrees
σ⊗γ , eigenspace decomposition with respect to the action σ ⊗ 1 gives us the
m,n be the sequence finitely supported coefficients defined by
By the Fejér kernel argument as in [BC] , the sequence
denote the algebra of A-valued measurable integrable functions on T 2 endowed with the σ-convolution product (f * g) t = f s σ s (g t−s )ds. Then the crossed product Z⋉σ (2) T 2 ⋉ σ A byσ (2) can be described as the C * -algebraic closure of the normed * -algebra of the Laurent polynomials k f k v k with coefficients in L 1 (T 2 , A; σ), whose product is given by
The algebra Z ⋉σ (2) T 2 ⋉ σ A admits two automorphisms of interest, the first being
and the second being
given by the composition of these two automorphisms.
Lemma 7. The algebra A θ is strongly Morita equivalent to
Proof. Since the action of T 2 on C(T 2 θ ) has full spectrum, so does the one on
T 2 by Proposition 6, is strongly Morita equivalent to T 2 ⋉ (A ⊗ min C(T 2 θ )) (this follows from [Ng] , although it should have been known to experts beforehand for this particular case of compact abelian group action). The latter algebra is generated by A and the operators dtf t U t of unitaries U t for t ∈ T 2 integrated with coefficient functions f in L 1 (T 2 ), u and v satisfying
for any t ∈ T 2 and (m, n) ∈ Z 2 . This can be identified to
By abuse of notation, let σ
Then we denote by ( σ (1) , σ
θ ) the composition of σ (1) and σ
θ . Lemma 8. The algebra A θ is strongly Morita equivalent to Z ⋉ σ (1) ,σ
, where g denotes the function f (t 1 , t 2 − θ). Then V is ( σ (1) , α θ ) invariant and the crossed product of Z⋉σ (2) T 2 ⋉ σ A by Z given by the automorphism ( σ (1) , α θ ) and the one by Ad V •( σ (1) , α θ ) define isomorphic algebras. Now, one computes
where h(t 1 , t 2 ) = e 2πit1 f (t 1 , t 2 ). hence the automorphism Ad V •( σ (1) , α θ ) is equal to the composition of σ (1) and σ
θ . Thus we have an isomorphism between the crossed products as
The right hand side can be also expressed as
By Takesaki-Takai duality [Tak] , this algebra is isomorphic to the tensor product of Z ⋉ σ (1) ,σ (2) θ T ⋉ σ (1) A with the compact operator algebra K, which proves our assertion.
Remark 5. The strong Morita equivalence of Lemma 8 can be described in terms of a bimodule E 0 as follows. As a linear space, take E 0 as the tensor product ℓ 2 Z ⊗ A. Define left actions of A, C * (T) and Z on E 0 by
where a (m,n) , b (m,n) denotes any element of A with weight (m, n) for σ, z l is the function t → e 2πikt in the convolution algebra C * T and u is the generating unitary of C * Z. These form a covariant representation of Z, T and A with respect to the action σ
(1) of T on A and (σ 1 , σ
The completion E of E 0 with respect to this inner product becomes a bimodule over Z ⋉σ 1,σ (2) θ T ⋉ σ (1) A and A θ . Moreover the operators coming from Z ⋉ T ⋉ A are precisely the A θ -compact operators. Hence we obtain Z ⋉σ
Proposition 9. The algebra A θ is strongly Morita equivalent to
θt )
A.
Proof. For any automorphism α of A, the mapping cone M α A of α is defined to be the algebra of functions from R to A satisfying f (t + 1) = α(f (t)) for any t ∈ R. It admits a natural actionα, called the suspension flow, of R by (α s f ) t = f (t + s) Regarding this flow we have the strong Morita equivalence between R ⋉α M α A and R ⋉ α A. The crossed product R ⋉ σ (1) A is isomorphic to the mapping cone of σ (1) on T ⋉ σ (1) A, and the suspension flow is identified to σ (1) : R R ⋉ σ (1) A.
We claim that the mapping cone of the automorphism( σ (1) , σ
A which is compatible with the suspension flow.
Corollary 10 ([Rie3]
). The K-groups of A and A θ are naturally isomorphic.
Proof. By Proposition 9, the K-group of A θ can be identified to that of R ⋉ σ (1) ,σ (2) θt R ⋉ σ (1) A. By Connes-Thom isomorphism [Con] , the latter is naturally isomorphic to the K-group of R ⋉ σ (1) A with parity exchange in the degree. This does not depend on θ.
3.1. Smooth KK-equivalence of CL deformations. Now we turn to the smooth analogue of the above KK-equivalence between the Connes-Landi deformations. The strong Morita equivalence of Proposition 9 restricts to an isomorphism between the rapid decay infinite matrix algebra with coefficients in A θ and the "smooth" crossed product Z ⋉ T ⋉ A.
Let T ⋉ σ (1) A denote the algebra given by the convolution product on the linear space C ∞ (T; A) with convolution product twisted by σ (1) . This algebra has seminorms given by the seminorms ν k,α for k ∈ N and α ∈ N 2 on A and the derivations with respect to the variable on T. Next, let Z ⋉σ(1) σ (2) (θ) T ⋉ σ (1) A denote the algebra of sequences (f n ) n∈Z in T ⋉ σ (1) A which are rapid decay with respect to the aforementioned seminorms, endowed with the convolution product twisted bŷ
∞ denote the algebra of the rapid decay matrices on Z ( [Phi] , Section 2): the elements of K ∞ are the matrices (a i,j ) i,j∈Z indexed by Z satisfying
for k ∈ N. The algebra K ∞ becomes a Fréchet algebra with respect to the family of (semi-)norms
for k ∈ N. The projective tensor product K ∞⊗ A θ is identified to the algebra of the A θ -valued matrices which are rapid decay with respect to the seminorms on A θ (loc. cit. Corollary 2.4).
Proposition 11. The Fréchet algebras
isomorphic via the correspondences
Here the terms in the left hand side denote elements in Z ⋉ σ (1) ,σ Proof. These formulae determine well-defined linear maps between the two algebras by the assumption on the smoothness of σ and the description of the smooth crossed products above. On the other hand, the multiplicativity in the assertion follows from the bimodule described in Remark 5. We may take a "basis" (δ k ⊗1) k∈Z of E 0 over the right action of A θ . We indicate the case for (7) in the following. Suppose that f ∈ C ∞ (T; A)
is a function of the form t → e 2πilt a for some integer l and a ∈ A of weight (m, n ′ ) for σ. First we have
On the other hand we have
Hence u n f (t) represents a operator which moves the (m − l)-th base to the (n − l)-th base multiplied by e 2πiθln ′ a (θ) . Thus we need to show that the formula (7) applied to our choice of f gives e 
In the nontrivial case of l + m ′ − m = 0 and m − n − m ′ + l ′ = 0 one has l ′ = n − l and (n − l ′ )n ′ = ln, which is the desired relation. The rest is proved in a similar way.
There is also a continuous analogue of the above argument. Let K ∞ R denote the algebra of the compact operators on L 2 (R) whose integral kernel belong to the Schwartz class on R 2 . The projective tensor product K ∞ R⊗ A θ is identified to the algebra of the A θ -valued integral kernels I(x, y) which satisfy
for any m, n, m ′ and n ′ in N. Let S * (R; A, σ (1) ) be the convolution algebra of the A-valued Schwartz functions with respect to the action σ. The action ( σ (1) , σ
θt ) restricts to a smooth action on this algebra, hence we may take the convolution algebra
this algebra. We write f (t, τ ) for a typical element of this algebra, where for any fixed τ , the function t → f (t, τ ) is in S * (R; A, σ (1) ). Then one has the following analogue of Proposition 11:
The correspondence between these two algebras are given by
, and
Corollary 13. There is a natural isomorphism Φ θ : HP * (A) → HP * (A θ ) between the periodic cyclic cohomology groups which is compatible with the identification of the K-groups of Corollary 10.
Proof. On the one hand, by Elliott-Natsume-Nest [ENN] Theorem 6.2, one has natural isomorphisms
compatible with the Connes-Thom isomorphism
On the other hand, by Proposition 12, one has HP
(by the stability of HP * for K ∞ R⊗ −, loc. cit. Theorem 4.3). Combining these and remembering that the isomorphisms involved are transpose to the ones between K-groups of the C * -algebraic completions, we have the assertion.
Remark 6. Although we need the above continuous crossed product presentation of K ∞ R⊗ A θ later in order to investigate the deformation of cyclic cocycles, the periodic cyclic cohomology isomorphism of Corollary 13 itself can be deduced from the algebra isomorphism of Proposition 11 and the result of [Nes] .
Preservation of dimension spectrum under deformation
We keep the notations A, H, D, σ and U as in the previous sections. In general the regularity of the spectral triple is not guaranteed to be preserved under a deformation as in the case of Podleś sphere [NT] . We show that in the case of Connes-Landi deformation, the regularity is well preserved. As in the previous section consider a spectral triple (A, H, D) endowed with an action of T 2 satisfying the condition (1) and we assume that A = A ∞ . Let B be the algebra generated by δ k (a) for a ∈ A + [D, A] and k ∈ N. Similarly, let B θ denote the algebra generated by
is called the zeta function associated to T . This is a priori holomorphic in the region {z ∈ C | ℜ(z) > n}. If the functions of the form ζ T for T ∈ B admit meromorphic extension to the whole plane C, the dimension spectrum of (A, H, D) is defined to be the collection of the polls of the analytic continuation of the functions of the form ζ T (s) for T ∈ B [CM] . Theorem 1. Let (A, H, D) be a regular spectral triple whose zeta functions ζ T for T ∈ B admit meromorphic extensions to C. Suppose that there is a smooth action σ by T 2 which is spatially implemented by a strongly continuous unitary representation U * on H and satisfies A = A ∞ . The dimension spectrum of the spectral triple (A θ , H, D) is equal to that of (A, H, D) .
Proof. The elements of the algebra B satisfy the assumption of Lemma 1. Moreover when a 1 , . . . , a j are elements of A and k 1 , . . . , k j are positive integers, one has
. There is also an analogous identity involving [D, a] for a ∈ A. Hence the algebra B θ is the collection of the operators of the form T (θ) for T ∈ B. Since D commutes with U t , the function ζ T (s) only depends on T (0,0) for any bounded operator T on H. Since we have the equality T (θ) (0,0) = T (0,0) , which leads to ζ T (θ) (s) = ζ T (s). This shows that the dimension spectrum of (A θ , H, D) is the same as that of (A, H, D).
Deformation of invariant cyclic cocycles
In the rest of the paper we investigate the pairing of the character of the spectral triple (A θ , H, D) with K * (A θ ) for varying θ ∈ R under the natural isomorphisms given by Corollaries 10 and 13. We start with a review of Elliott-Natsume-Nest's isomorphism HC
. Let A be a Fréchet *-algebra which is dense and close under holomorphic functional calculus inside a C * -algebra A. Let σ be a smooth action of R on A. Recall that close graded traces on graded differential algebras containing A in the degree 0 give cyclic cocycles on A, and conversely any cyclic n-cocycle can be represented as a closed graded trace on the universal differential graded algebra Ω(A) = ⊕Ω(A) n (where Ω(A) 0 = A and Ω(A) n = A⊗ n ⊕ A⊗ n+1 for n > 0). Suppose that a cyclic n-cocycle φ on A is given by a closed graded trace of degree n, which is also denoted by φ by abuse of notation, on a graded differential algebra Ω containing A in degree 0. Let S * R be the convolution algebra of the Schwartz class functions on R, E the direct sum Ω(S * R) 0 ⊕ Ω(S * R) 1 . We construct a differential graded algebra structure on Ω⊗ E containing R ⋉ σ A in the degree 0 as follows.
The space Ω⊗ E 0 is naturally identified to R ⋉ Ω = S * (R; Ω). There is a deriva-
These, together with the original product structure of Ω, defines a structure of a graded differential algebra on Ω⊗ E. Then the closed graded trace # σ φ on Ω n⊗ E 1 = Ω⊗ S * (R)⊗ S * (R) corresponding to the cyclic (n + 1)-cocycle # σ φ over R ⋉ σ A is defined as follows:
When φ is invariant under σ, (8) reduces to
This correspondence of φ to # σ φ is compatible with the Connes-Thom isomor-
over A, we obtain a new n + 1-cocycle i δ φ ( [Con3] Chapter 3, Section 6.β) by
On the other hand, noting that the convolution algebra of the A-valued rapid decay functions S * (R; A) is identified to R⋉ σ A, one obtains the dual cocycleφ over
for f j ∈ S * (R; A). We also have the dual actionσ : R R ⋉ σ A and the isomorphism R ⋉σ R ⋉ σ A ≃ K ∞ R⊗ A, which implies HC k (R ⋉σ R ⋉ σ A) ≃ HC k (A). Regarding these constructions one has the following generalization of [ENN] , Proposition 3.11. Proposition 14. Let φ be a σ-invariant n-cocycle over A. The class of the cyclic (n + 1)-cocycle i δ φ in HC n+1 (A) agrees with that of #σφ.
Proof. Let b 0 , . . . , b n+1 be elements of R⋉ σ A and f 0 , . . . , f n+1 be functions in S * R. For each 0 ≤ j ≤ n + 1, b j ⊗ f j represents the element t → b jfj (t) ∈ S(R; A). We consider the element
of Ω⊗ E. Each term in the above can be expanded as
Since the terms containing more than one df j 's vanish and the only terms contributing to the pairing of ω with #σφ are the elements in Ω n⊗ E 1 . Hence #σφ(ω) can be expressed as
The derivationδf (t) = tf (t) on S * (R; R ⋉ A) is the generator of the double dual actionσ : R R ⋉σ R ⋉ σ A. The j-th term of (11) is equal tô
Collecting these terms we obtain # σφ (ω) = iδφ(ω) = iδ(φ ⊗ Tr)(ω).
There is a one-parameter unitary u t such that the double dual actionσ is conju-
The generator of this action can be written as
where h is the generator h = lim t→0 u t − 1 t of u t which is in the multiplier algebra of R ⋉σ R ⋉ σ A, so that we haveδ(
Now, the derivation δ σ,u * of (12) determines a cyclic n + 1-cocycle
The pullback HC * (M 2 (R ⋉σ R ⋉ σ A)) → HC * (R ⋉σ R ⋉ σ A) by these two homomorphisms in cyclic cohomology become the same map. But the pullback of ψ by Ψ 1 is i δ φ ⊗ Tr while the one by Ψ 2 is iδ(φ ⊗ Tr), hence these two cocycles determine the same class in the cyclic cohomology group, which implies i δ φ = # σφ in HC * (R ⋉σ R ⋉ σ A).
Now we consider an even regular spectral triple (A, H, D) with an action of T 2 satisfying A ∞ = A as in the previous sections. Note that we have the estimates
for k ∈ N and α ∈ N 2 , where α ′ = (α 1 + k, α 2 ) or α ′ = (α 1 , α 2 + k) corresponding to the cases i = 1, 2. Hence the actions σ (i) are smooth action on A ∞ = A in the sense above.
Let φ be a cyclic n-cocycle on A which is invariant under σ. Then we obtain the dual cocycleφ over the crossed product T ⋉ σ (1) A. Then again,φ is invariant under the action ( σ (1) , σ
and with a similar process another cyclic cocycle on R ⋉ σ (1) ,σ
we still denote byφ. The cocycleφ induces a one φ (θ) on A θ via the embedding given into a corner of
by Proposition 11. We record the formula for φ (θ) for a ∈ A:
In the particular case of n = 0, φ is given by a trace on A and φ (θ) is given by the corresponding trace
Theorem 2. Let φ be a σ-invariant cyclic n-cocycle on A. Then the cyclic ncocycle φ (θ) on A θ corresponds to the nonhomogeneous cyclic cocycle
on A under the natural isomorphism of Corollary 13.
Proof. It is enough to check that the cyclic n-cocycleφ on R ⋉ σ (1) ,σ
corresponds to the one of (14) on A via the natural isomorphism in HP * . The
θt ) of R on R ⋉ σ (1) A is generated by the derivation
Let δ( 1) denote the generator of the dual action σ (1) and δ (2) that of the action σ (2) . The equation above shows that δ (θ) = σ (1) + θδ (2) . Applying Proposition 14, the cocycleφ corresponds to the cyclic cocycle
The first term i δ( 1)φ in the right hand side of the above is the cocycle which corresponds to φ under the isomorphism HP * (A) ≃ HP * +1 (R ⋉ σ (1) A). On the other hand, one has i δ (2)φ = i δ (2) φ for the second term. This n + 1-cocycle on R ⋉ σ (1) A corresponds to the n + 2-cocycle i δ (1) i δ (2) φ on A again by Proposition 14. Combining these two, one obtains the assertion of the Proposition.
Example 2. Let M be a compact smooth manifold, endowed with a smooth action σ of T 2 . Then M admits a Riemannian metric which is invariant under σ. Then the algebra of the smooth functions on M , the de Rham complex Ω * (M ) graded by the degree of forms and the operator d + d * densely defined on H = L 2 (Ω * (M )) and the induced representation of T 2 on H satisfies the assumption of this paper. The volume form dv on M is invariant under σ and it defines an invariant trace τ : f → M f dv on C(M ). Let X i denote the vector fields on M generating σ i for i = 1, 2. By the preceding proposition, the map K 0 (CM θ ) → C induced by the trace τ (θ) on CM θ corresponds to the map K 0 (M ) → C induced by the current
When E is a vector bundle over M , the above map on the class of
5.1. Chern-Connes character of deformed triple. The algebra R ⋉ σ (1) A acts on the Hilbert space L 2 (R)⊗ H in the following way: a function f in S
Next we define an action of the algebra R ⋉ σ (1) ,σ
Similarly, we have a representation of Z ⋉ σ (1) ,σ
and wδ k ⊗ ξ = e 2πinθ δ k+1 ⊗ ξ for any ξ ∈ H (m,n) . In the following we make a more detailed analysis of the strong Morita equivalence given by Proposition 9 in relation to the unbounded selfadjoint operator D.
Proposition 16. There is a unitary operator
Proof. Let U 0 denote the unitary operator on ℓ 2 Z⊗ H given by U 0 δ k ⊗ξ = e 2πiθnk δ k+m ⊗ ξ for any k ∈ Z and ξ ∈ H (m,n) .
When a ∈ A (p,q) and ξ ∈ H m,n , we have
This is the effect of e 2πiθql e −l,
where e m,n denotes the matrix element δ k → δ n,k δ m on ℓ 2 Z for any (m, n) ∈ Z 2 . Similarly, one has U T ⋉ σ (1) A. Given an action α on a C * -algebra B, let Φ α denote the Connes-Thom isomorphism [Con] K * B → K * +1 (R ⋉ α B). Let y be any element of K 1 (R ⋉ A). Then one has φ , Φ −1 σ (1) σ (2) θt (y) = i δ( 1)φ + θi δ (2)φ, y = i δ( 1)φ , y + θ i δ (2)φ, y .
Sinceφ is equal to a character of a spectral triple, its pairing with any element in K 0 (R ⋉ σ (1) ,σ
(2) θt R ⋉ σ (1) A) must be an integer. Hence i δ( 1)φ , y + θ i δ (2)φ, y must stay inside Z regardless of the value of θ, which implies i δ (2)φ, y = 0. Let Ψ :
θt R ⋉ σ (1) A) be the isomorphism given by Proposition 9. For any element x ∈ K 0 (A θ ), one has
Ψ(x) is the natural isomorphism Λ θ : K 0 (A θ ) → K 0 (A), one obtains the assertion of the theorem.
Remark 8. In the proof of Theorem 3 we saw that the cyclic (n + 2)-cocycle i δ (1) i δ (2) ch D on A pairs trivially with K 0 (A). It is very likely that this cocycle gives the trivial class of HP 0 (A). Note that this phenomenon is specific to the cases where one has a unitary representation U t on H satisfying (1). Otherwise, i δ (1) i δ (2) ch D can pair nontrivially with K 0 (A). For example, the trace τ on T 2
given by the Haar integral is a character of a 2-summable even spectral triple over C ∞ (T 2 ) and one has i δ (1) i δ (2) τ, K 0 T 2 = Z.
Remark 9. After a major portion of the results in this paper was obtained the author has learned from N. Higson that the invariance of the index pairing as stated in Theorem 3 can be explained in a purely C * -algebraic framework as follows: let R act on the C * -algebra R ⋉ σ (1) A ⊗ min C[0, 1] by ( σ (1) , σ gives the natural isomorphism between K 0 (A θ ) and K 0 (A).
